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INTRODUCTION 

I n  C e l e s t i a l  Mechanics t h e  occurence of sma l l  d i v i s o r s  has  such 

a  long t r a d i t i o n  t h a t  t h e i r  appearance,  even i n  t h e  absence of  an 

under ly ing  p h y s i c a l  exp lana t ion ,  i s  no t  considered s u r p r i s i n g  ( c f .  

e .  g .  , Br'ouwer (Ref.  1) ) . I n  t h e  ca se  of  s a t e l l i t e  theory  when 

c e r t a i n  p e r t u r b a t i o n  t h e o r i e s  i n  terms of i n s t an t aneous  e lements  a r e  

a p p l i e d ,  t h e  sma l l  d i v i s o r s  a r i s e  f o r  parameter va lues  nea r  t h e  so- 

c a l l e d  c : r i t i c a l  i n c l i n a t i o n .  

The p e r t u r b a t i o n  of Hamiltonian systems has  long been a s s o c i a t e d  

wi th  t h e  a n a l y s i s  of a rea-preserv ing  mappings which a r e  p e r t u r b a t i o n s  

of twist .  mappings of an annulus .  The c e l e b r a t e d  r e s u l t  of Moser 

(Ref.  2 )  g ives  t h e  cond i t i ons  f o r  t h e  e x i s t e n c e  of i n v a r i a n t  curves  

f o r  such mappings. The cond i t i ons  exclude t h e  r a t i o n a l  r o t a t i o n  

numbers corresponding t o  t h e  resonance ca ses  of t h e  system. The 

l a t t e r  c a s e s ,  w i t h  t h e i r  a s s o c i a t e d  ques t ions  of s t a b i l i t y  a r e  

r e f l e c t e d  i n  t h e  smal l  d i v i s o r s  of t h e  s e r i e s  expansions .  I n  t h i s  

r e s p e c t  t h e  smal l  d i v i s o r s  may r e f l e c t  t h e  p h y s i c a l  phenomenon a s  

w e l l  a s  s e r i e s  expansions permi t .  

However, s i n c e  i n  s a t e l l i t e  theory  t h e  sma l l  d i v i s o r s  a r i s e  i n  

a  manner which does n o t  r e f l e c t  t h e  phys i ca l  s i t u a t i o n ,  it pu t s  i n  

evidence an u n s a t i s f a c t o r y  f e a t u r e  of p e r t u r b a t i o n  theory .  The 

p r e s e n t  no t e  i s  aimed a t  i l l u s t r a t i n g  how t h i s  f e a t u r e  may a r i s e .  I t  

appears  t h a t  t h e  problems of p e r t u r b a t i o n  theory nea r  t h e  c r i t i c a l  

i n c l i n a t i o n  stem from apply ing  t h e  i m p l i c i t  f unc t ion  theorem nea r  a  

p o i n t  wh.ere t h e  cond i t i ons  f o r  i t s  v a l i d i t y  a r e  n o t  s a t i s f i e d .  



W e  s h a l l  cons ide r  t h e  V i n t i  Model f o r  s a t e l l i t e  theo ry ,  which 

has  t h e  a~dvantage of  i n t e g r a b i l i t y  s o  t h a t  an e x a c t  s o l u t i o n  can be 

w r i t t e n .  For comparison t h e  corresponding formulae f o r  t h e  Kepler 

problem a.re a l s o  e x h i b i t e d .  I n  o r d e r  t o  i n t e r p r e t  t h e  s o l u t i o n  of 

t h e  V i n t i  problem i n  t e r m s  of  i n s t an t aneous  Kepler e lements  it i s  

necessary t o  make expansions i n  terms of  t h e  smal l  parameter .  I t  

becomes e v i d e n t  t h a t  such expansions r e q u i r e  p a r t i c u l a r  a t t e n t i o n  

near  t h e  r e sonan t  c a s e  - t h a t  i s  i n  t h e  r eg ion  of coincidence of t h e  

two b a s i s  f r equenc ie s :  t o  a f i r s t  approximation t h i s  corresponds t o  

t h e  so -ca l l ed  c r i t i c a l  i n c l i n a t i o n .  A c l o s e r  examination r e v e a l s  t h a t  

an expansion i n  t h i s  r eg ion  may h i d e  an i n v a l i d  a p p l i c a t i o n  of t h e  

binomial  theorem. 

1. THE V I N T I  PROBLEM* 

The V i n t i  problem is  formulated i n  terms of s p h e r o i d a l  co- 

o r d i n a t e s  R ,  o and @ ,  w i t h  s p h e r o i d a l  cons t an t  c. I n  terms of  t h e s e  

t h e  c a r t e s i a n  co-ord ina tes  a r e  given by t h e  r e l a t i o n s  

x = ( R ~  + c 2 ) ' s i n  o cos @ 

2 
y = ( R  + c214 s i n  o s i n  @ 

z = R cos  o J 
s o  t h a t  R and o a r e  r e l a t e d  t o  t h e  s p h e r i c a l  co-ord ina tes  r and 8 

by t h e  r e l a t i o n s  

2 2 2 
r2 = R + c s i n  o ,  r cos  0 = R cos o 

* The r e s u l t s  s t a t e d  i n  t h i s  s e c t i o n  a r e  de r ived  i n  Ref. 3 .  



I n  t h e  s p h e r o i d a l  system t h e  V i n t i  p o t e n t i a l  has  t h e  form 

v = -  PR 
2 2 

R + c2  cos cr 

The i n t e g r a t i o n  of t h e  a s s o c i a t e d  dynamical problem y i e l d s  t h e  

fo l lowing  t h r e e  f i r s t  i n t e g r a l s ,  namely 

( R ~  + c 2 )  s i n 2  o . = h 3  J 
where t h e  d o t  denotes  d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  t ime and t h e  

t h r e e  cons t an t s  h  h and u2  a r e  in t roduced  by t h e  i n t e g r a t i o n .  The 3  ' 
c o n s t a n t s  h  and u2 denote  t h e  p o l a r  component of angu la r  momentum 

3 

and t h e  nega t ive  of t h e  energy r e s p e c t i v e l y .  The c o n s t a n t  h has  t h e  

dimension of  angula r  momentum b u t  does n o t  have an obvious p h y s i c a l  

i n t e r p r e t a t i o n  except  i n  t h e  degenera te  case  when c  = 0: i n  t h a t  

case  h denotes  t h e  magnitude of t h e  angula r  momentum v e c t o r  f o r  what 

i s  then  Kepler ian motion. 

I n  terms of t h e  above cons t an t s  we can d e f i n e  t h e  fundamental 

l eng th  s c a l e s  a, and po by s e t t i n g  
'l 



and in t roduce  the '  fundamental parameters  by t h e  r e l a t i o n s  

S ince  t h e  cons t an t s  A j ,  h and a 2  a r e  r e a d i l y  determined from i n i t i a l  

cond i t i ons  by means of t h e  i n t e g r a t e d  r e l a t i o n  ( 1 . 4 )  it fo l lows  t h a t  

t h e  fundamental l eng th  s c a l e s  (1 .5)  and t h e  fundamental pa ramt t e r s  

(1.6) a r e  a l s o  immediately determined i n  terms of t h e  i n i t i a l  6 a t a .  

The re levance  of t h e  problem t o  s a t e l l i t e  theory  i s  i n  t h e  range 

The f i n a l  i n t e g r a t i o n  of equa t ions  ( 1 . 4 )  i s  achieved by t h e  

i n t r o d u c t i o n  of t h e  new independent v a r i a b l e  f ,  de f ined  by 

drl! - - - A 
2 2 2 

dt R + c cos a 

Here A i s  a  c o n s t a n t  wlT0se r a t i o  t o  X i s  an a l g e b r a i c  form i n  terms 

of t h e  fundaruental- parameters : t hus  A a l s o  has  t h e  dimension of 

angula r  momentums and and f  i s  dimensionless .  I n  t h e  l i m i t  when 

q -t o we would have A -t X and f  would then  become t h e  t r u e  anomaly 

of t h e  Kepler problem. 

I n  1;erms of f  t h e  s o l u t i o n  t o  t h e  f i r s t  p a i r  of equa t ions  ( 1 . 4 )  

can be  r ep re sen ted  by means of  t h e  Jacobian  e l l i p t i c  func t ions  as  

fo l lows  

r 

cos o = )/I. - N~ s n  [ f  + w,k2] 



I n  t h e  above' t h e  q u a n t i t i e s  e ,  N and d a r e  a l g e b r a i c a l l y  r e l a t e d  t o  

t h e  fundamental parameters  a s  a r e  a l s o  t h e  q u a n t i t i e s  j k and 
1 1 2 

t h e  r a t 2 0  P/P . 
0 

The r e l e v a n t  range of i n t e r e s t  f o r  s a t e l l i t e  theory  has  been 

noted fin (1 .7)  ; i n  t h i s  range we have 

The a r b i t r a r y  c o n s t a n t  w has been in t roduced  by t h e  i n t e g r a t i o n  and 

w e  have chosen t h e  o r i g i n  f o r  f t o  co inc ide  wi th  a minimum va lue  f o r  

R: thus  w r e p r e s e n t s  minus t h e  va lue  of  f a t  t h e  e q u a t o r i a l  c r o s s i n g  

p r i o r  t o  t h a t  minimum. I n  t h e  l i m i t  when q + 0 ,  then  w r e p r e s e n t s  

t h e  argument of  pe r igee  of  t h e  Kepler problem. 

2 .  THE CORRESPONDING KEPLER PROBLEM 

Thl~ analogous formulae f o r  t h e  Kepler problem can be  ob ta ined  

by s e t t i n g  c = 0 and hence a l s o  q = 0 i n  t h e  foregoing .  I n  t h a t  

case  R .-t r ,  o -t 0 s o  t h a t  t h e  co-ord ina te  system is  s p h e r i c a l  and 

we have 

and t h e  p o t e n t i a l  i s  given by 



L e t t i n g  h .+ A and a  +- aK then  corresponding t o  r e l a t i o n s  ( 1 . 4 )  we 
K 

have t h e  t h r e e  well-known f i r s t  i n t e g r a l s  for t h e  Kepler problem, 

1 2 2 + h 2  1 1 2  - r  0 = -A 
2 2 . 3 ' -  2 2 K s i n  8 

2 r2 s i n  0 .  4 = h 3  

The s e m i  major a x i s  a K  and t h e  s emi l a tu s  rectum pK a r e  de f ined  by 
7 2  

Then t h e  Kepler elements of i n c l i n a t i o n  and e c c e n t r i c i t y  a r e  given 

r e s p e c t i v e l y  by 

For t h e  s o l u t i o n  of equa t ion  (2 .3)  we d e f i n e  t h e  t r u e  anomaly 

fk by t h e  r e l a t i o n  

and t h e  s o l u t i o n s  t o  t h e  f i r s t  p a i r  of e q u a l t i o n  (2.3) t a k e  t h e  form 

1 u  = -  - 
K r 1 + eK cos f K  

cose = 

where o i s  a  cons t an t  in t roduced  by t h e  i n t e g r a t i o n .  The angle  f K  
K 

i s  t o  be measured from pe r igee  s o  t h a t  oK r e p r e s e n t s  t h e  angle  of  

p e r i g e e ,  The s o l u t i o n s  (2 .7)  could have been de r ived  simply by 

s e t t i n g  q = o i n  r e l a t i o n s  ( 1 . 9 )  . 



3 .  INSTANTANEOUS KEPLER ELEMENTS 

The s t a n d a r d  p e r t u r b a t i o n  t h e o r i e s  f o r  s a t e l l i t e  theory  are 

Accordingly w e  can developed f o r  s lowly  vary ing  Kepler  e lements .  

g e t  some i n s i g h t  i n t o  t h e  l a t e n t  d i f f i c u l t i e s  i f  w e  a t t empt  t o  i n t e r -  

p r e t  t h e  e x a c t  s o l u t i o n  f o r  t h e  V i n t i  problem i n  t e r m s  of i n s t a n t a n -  

eous Kepler  e lements .  

For t h i s  purpose w e  no te  from ( 1 . 2 )  t h a t  

ease = R.  - cos0 r 
R . cos0 

If w e  now s u b s t i t u t e  f o r  R and cos0 i n  t e r m s  of f from ( 1 . 9 )  and set  

w e  

co 

have 

= 

2sn2 p + u  ,k2]] 

( 3 . 3 )  

I n  t e r m  of  i n s t an taneous  Kepler e lements  w e  would have 

The de termina t ion  of t h e  slowly vary ing  Kepler e lements  fol lows from 

i d e n t i f i c a t i o n  of t h e  r e p r e s e n t a t i o n s  ( 3 . 3 )  and ( 3 . 4 )  . Both r e p r e s e n t  

t h e  s a m e  o s c i l l a t o r y  motion: by i d e n t i f y i n g  t h e  amplitudes w e  o b t a i n  

the formula f o r  t h e  element v K ;  wh i l e  t h e  i d e n t i f i c a t i o n  of  t h e  

-7- 



r e s i d u a l  normalized o s c i l l a t i o n  gives  the formula f o r  the element  wK.  

Proceeding i n ’ t h i s  manner w e  o b t a i n  f o r  w K  t h e  r e l a t i o n  

w h i l e  from t h e  normalized o s c i l l a t i o n  t h e r e  fol lows 

1 s i n  ( f K  + wK)  = s n  f + w,k2 [I 
= s i n  (am [f + w,k2])  

from which w e  immediately g e t  f o r  wK 

w K = am[f + w, k2] - fK 

(3.6 

(3.7) 

The nex t  s t e p  i s  t o  determine f i n  t e r m  of fK which when i n t r o -  

duced i n t o  r e l a t i o n s  (3.5) and ( 3 . 7 )  would y i e l d  t h e  appropr i a t e  

r e p r e s e n t a t i o n s  f o r  t h e  ins tan taneous  elements  vK and wK. 

For t h e  remainder w e  s h a l l  conf ine  our  a t t e n t i o n  t o  t h e  formula 

f o r  wK; i n  t h i s  w e  s h a l l  show t h a t  if w e  seek an approximate repre-  

s e n t a t i o n  by making a series expansion i n  t e r m s  of the s m a l l  parameter ,  

p a r t i c u l a r  a t t e n t i o n  i s  necessary i n  t h e  range nea r  t h e  c r i t i c a l  i n c l i n a -  

t i o n :  i n  fac t  t h e  gene ra l  v a l i d i t y  of t h e  series expansion appears 

ques t ionable  i n  t h a t  range. 

4.PERTURBATION EXPANSION FOR THE ARGUMENT O F  PERIGEE 

I n  ob ta in ing  the p e r t u r b a t i o n  series w e  f i r s t  note t h a t  t h e  

frequency a s s o c i a t e d  with t h e  Jacobian e l l i p t i c  func t ions  i s  an 

a n a l y t i c  func t ion  of t h e  modulus. 

have the  series expansion v a l i d  f o r  k2 near  z e r o ,  

I n  f a c t  f o r  the modulus k2 w e  

-8- 



where 4 K 2  i s  a s s o c i a t e d  pe r iod .  

a t e d  Theta  f u n c t i o n s  w e  have 

A l s o  f o r  t h e  modulus q2  of t h e  a s s o c i -  

- 1 +  2 k 2  1 . 2  + 3; +.. .] 9 2  - 16 k2 

Then wi th  G d e f i n e d  by 

( 4 . 2 )  

W e  have t h e  fo l lowing  t r i g o n o m e t r i c  series r e p r e s e n t a t i o n  f o r  t h e  a m  

f u n c t i o n  appear ing  i n  r e l a t i o n  ( 3 . 7 )  namely 
W 

2s; 

n= 1 n ( l + q i n )  
am[f+w, k2] = G + cos 2nG 

so  t h a t  from ( 3 . 7 )  w e  have 

- Tr 29; 
WK - - w + (f-fJ + (e - 1)f + cos 2nG (4 .5)  

2K2 n = l  n ( l + q i n )  

I t  remains t o  determine t h e  p e r t u r b a t i o n  series f o r  f i n  t e r m s  

of fK: 

p e r t u r b a t i o n  series i n  t e r m s  of f and thence  o b t a i n i n g  t h e  i n v e r s e  

t h i s  i s  done by f i rs t  o b t a i n i n g  t h e  r e p r e s e n t a t i o n  f o r  fK as a 

r e l a t i o n s h i p .  

equa t ion  (1.8)  w i t h  equa t ion  (3 .6)  t o  g ive  

T o  o b t a i n  t h e  expansion f o r  fK i n  terms of f w e  combine 

'K R2 + C 2 2  COS ff 

R~ + c s i n  o 

2 2  

2 
= -  A K  R2 + C COS 0 - = -  

2 2  
dfk  
df A r 

2 2 
2 2 

= -  
A 1 '+ E (pu)2  s i n  0 

- - -  'K 1 E (pU)2 COS 0 
A 

-9- 



6 where t h e  t e r m s  n o t  e x p l i c i t l y  w r i t t e n  are of o r d e r  T-I . I f  w e  

mu l t ip ly  o u t  t h e  product  on t h e  r i g h t  and re -ar range  w e  o b t a i n  

2 2 2 K = -  h K  { 1 + E (pu) ( 2  cos a - 1) 
df 

a37- n 
4 4 2 2 + E (pu) (1 - cos a )  (1 - 2 cos a )  +... (4 .7 )  

T h e  n e x t  s t e p  is t o  s u b s t i t u t e  f o r  u and cosa i n  t e r m s  of f f r o m  

( 1 . 9 )  and then  perform the  i n t e g r a t i o n  t o  t h e  d e s i r e d  degree of accu- 

racy .  The i n t e g r a t i o n  leads t o  both s e c u l a r  and p e r i o d i c  t e r m s :  the  

c h a r a c t e r  of the  t e r m s  i s  unambiguously determined except  f o r  those 

terms r e s u l t i n g  f r o m  products  of t h e  f o r m  

cn [ j l f , k l ]  . cn [f + w,k2] ( 4 . 8 )  

t h a t  i s ,  f o r  t e r m s  r e f l e c t i n g  t h e  d i r ec t  i n t e r a c t i o n  of t h e  basic 

o s c i l l a t i o n s  of t h e  problem. 

T h e  character of the t e r m s  r e s u l t i n g  from t h e  i n t e g r a t i o n  of  

such combinations depends on whether o r  n o t  w e  are d e a l i n g  w i t h  case 

o r  
K1 

jl 
(ii) - # K2 

(4 - 9 )  

of resonance,  i .e .  whether* 

I n  case (1) there arises a s e c u l a r  t e r m ,  wh i l e  i n  case (ii) there 

arise a l o w  frequency t e r m  w i t h  t h e  s m a l l  d i v i s o r  

(4.10) 

in t roduced  by the  i n t e g r a t i o n .  T h i s  i n d i c a t e s  t h a t  i n  and near  t h e  

Resonance case (R)  one must proceed c a u t i o u s l y  i n  i n t e r p r e t i n g  t h e  

*4K1 i s  t h e  pe r iod  of  t h e  e l l i p t i c  func t ion  wi th  modulus kl. 

-10- 



s o l u t i o n  i n  terms of pe r tu rbed  in s t an taneous  Kepler e lements .  

I f  one c a l c u l a t e s  the f a c t o r s  i n  t h e  d i v i s o r  ( 4 . 1 0 )  as a per- 

t u r b a t i o n  ser ies  i n  r12 w e  f i n d  t h a t  

and i n  fac t  w e  have 

where i n  t e r m s  o f  t h e  fundamental parameters  

= 5 v 2  - 1 a2 

(4.11) 

( 4 . 1 2 )  

( 4 . 1 3 )  

Now t h e  procedure of p e r t u r b a t i o n  theo ry  r e q u i r e s  a series ex- 

pansion f o r  t h e  r e c i p r o c a l  of t he  d i v i s o r  ( 4 . 1 0 ) ;  t h i s  i s  ob ta ined  by 

making a binomial  expansion for  t h e  r e c i p r o c a l  of  t h e  series ( 4 . 1 2 )  

i n  the form 

= -  

2 
31T 
- 

2 
31T 
- 

2 2 [ l + r l  

= 2  1 [ 1 +  
rl a2 

a2 

2 a4 4 
- + r l  

2 a 

2 a 4  4 
rl - + n  a ,  

L 

6 a 
- +  a .. I-1 

- ") a 2  
+ ...I (4.14) 

Unless w e  are d e a l i n g  w i t h  t h e  p a r t i c u l a r  case where a 2  divides  a l l  

a f o r  n > 2 ,  such an expansion can be v a l i d  a t  best f o r  2n 

(4.15) 

More s p e c i f i c a l l y  w e  must i n  g e n e r a l  exclude t h e  range nea r  a2 = 0 ,  

t h a t  i s  t h e  range n e a r  

5v 2 - 1 = o  (4.16) 

To a f i r s t  approximation t h i s  corresponds t o  t h e  well-known 

c r i t i c a l  i n c l i n a t i o n .  
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CONCLUSION 

The s e p a r a b i l i t y  of t h e  V i n t i  dynamical problem allows t h e  

s o l u t i o n  t o  be w r i t t e n  i n  t h e  e x a c t  form (1.91, g iv ing  t h e  t w o  

coord ina te s  R and cos 0 i n  t e r m s  of  t h e  V i n t i  anomaly f .  I n  t h i s  

f o r m  each of t h e  coord ina te s  has  a s s o c i a t e d  wi th  it a s p e c i f i c  

frequency namely the  frequency of t h e  r e s p e c t i v e  e l l i p t i c  func t ion  

appear ing  on t h e  r i g h t  hand s i d e  of ( 1 . 9 ) .  I n  g e n e r a l  t h e s e  

f r equenc ie s  are d i s t i n c t .  I n  t h e  degenera te  case (rl = 0 )  t h e  

s o l u t i o n  becomes t h e  s o l u t i o n  f o r  t h e  Kepler problem and t h e  f r e -  

quencies  co inc ide .  I n  t h e  non-degenerate case (rl  # 0 )  t h e r e  i s  

coincidence on ly  for  a p r e f e r r e d  set of i n i t i a l  parameters :  t o  

f i r s t  order i n  q 2  t h i s  p r e f e r r e d  se t  corresponds t o  w h a t  i s  called 

t h e  c r i t i c a l  i n c l i n a t i o n  i n  t h e  p e r t u r b a t i o n  methods of s a t e l l i t e  

theory .  

The r e p r e s e n t a t i o n  ( 1 . 9 )  i s  v a l i d  fo r  a l l  parameter va lues :  

i n  p a r t i c u l a r ,  no d i f f i c u l t i e s  ar ise  i n  t h e  r eg ion  of t h e  p r e f e r r e d  

set mentioned above. However, i f  one a t tempts  t o  conve r t  t h i s  f o r m  

of s o l u t i o n  i n t o  a r e p r e s e n t a t i o n  fo r  t h e  in s t an taneous  Kepler 

elements i n  t e r m s  of t h e  in s t an taneous  t r u e  anomaly t h e  r e s u l t i n g  

form may n o t  be uniformly v a l i d  f o r  a l l  parameter  va lues .  P a r t i c u l a r  

a t t e n t i o n  must t hen  be given t o  t h e  p r e f e r r e d  s e t  where d i f f i c u l t i e s  

may a r i se  i n  t h e  de te rmina t ion  of t h e  series expansions.  

The d i f f i c u l t i e s  e x h i b i t  themselves i n  t h e  r e l a t i o n  between t h e  

V i n t i  anomaly f and t h e  in s t an taneous  t r u e  anomaly f K :  

c r i t i c a l  i n c l i n a t i o n  t h e  v a l i d i t y  of  a series expansion is  doub t fu l .  

The t e r m s  g i v i n g  r ise t o  t h e  d i f f i c u l t y  s t e m  from t h e  d i r e c t  

nea r  t h e  
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i n t e r a c t i o n  o'f t e r m s  involv ing  the  t w o  ( i n  g e n e r a l )  d i s t i n c t  

f r equenc ie s  mentioned above. 

denominators nea r  t h e  coincidence of the t w o  f r equenc ie s :  t h e  series 

expansion r e q u i r e s  the expansion of t h e  r e c i p r o c a l  of such denomina- 

t o r s ;  near  t h e  c r i t i ca l  i n c l i n a t i o n  the  v a l i d i t y  of such an expansion 

is a t  l ea s t  ques t ionab le .  

The i n t e r a c t i o n  produces " resonant"  

I t  should a lso be noted  t h a t  a s s o c i a t e d  wi th  t h e  p r e f e r r e d  s e t  

i s  t h e  occurrence of p e r i o d i c  s o l u t i o n s :  t hus  f o r  t h i s  se t  w e  must 

expec t  t h a t  duK/dfK = 0 .  

ques t ionab le  t h e  a p p l i c a t i o n  of t he  i m p l i c i t  func t ion  theorem t o  t h e  

T h e  vanish ing  of t h i s  d e r i v a t i v e  makes 

r e l a t i o n  ( 3 . 7 )  i n  a range t h a t  inc ludes  t h e  c r i t i c a l  i n c l i n a t i o n :  

t h e  problem a r i s i n g  i n  t h e  series expansion i s  b u t  a r e f l e c t i o n  of 

t h i s  d i f f i c u l t y  . 
This  d i f f i c u l t y  a r i s i n g  i n  t h e  series r e p r e s e n t a t i o n  f o r  Kepler 

elements is  i n  clear c o n t r a s t  t o  t he  r e p r e s e n t a t i o n  ( 1 . 9 ) .  I n  t h e  

l a t t e r  the  forms i n  t e r m s  of f are s e p a r a t e d  so t h a t  no i n t e r a c t i o n  

occurs .  T h i s  emphasizes an o f t e n  ignored f e a t u r e  of s e p a r a b i l i t y :  

a p a r t  f r o m  a l lowing  the i n t e g r a b i l i t y  of t h e  problem i n  t e r m s  of t h e  

a p p r o p r i a t e  independent variable,  it a l s o  permi ts  t h e  s o l u t i o n  t o  t h e  

w r i t t e n  i n  such a form t h a t  the  basic f requencies  do n o t  i n t e r a c t .  

I f  one r e t a i n s  t h e  f o r m  sugges ted  by t h e  s e p a r a t i o n ,  one need n o t  

a n t i c i p a t e  any d i f f i c u l t y  i n  t h e  r eg ion  of coincidence of t h e  f r e -  

quencies .  
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